
Sequences in Metric Spaces
Definition sequences
A sequence in a metric space (X , d) is an element of X

Alternatively it can be said a sequence is a function Here
fi -X

x = (x, xz , ..., Sn ,
... ) EX

f(n) = xn anEX
xi = X

Notation: Sequences represented by 1) Order is important
kning

,
Cine donYne1 · SanYnew

2) Not a set

It can also be written as 3) Nothing to stop Si =xj

(snin , don i +j

Convergence of Sequences
The main issue with sequence is convergence.

Definition Convergence
Let (xnin? be a sequence in (X , d).

Then (nin converges to seXEX for any 30 there exists N =N(s) such that

d(xn
,
x) < 3 for all n >N

If this case
,

we write

sin->x as n-> 0

If no suchs exists

an +> x as n-> 0

then (n) is divergent



The definition can be recast in terms of open balls

xn-> xas n=0 #> VE>O EN =N(s) such that ocnEB(x ,
3) Un>N

Y
(X

, d) open ball contains all
but finitely many on

*
n= 1, ..., N

⑨

·

x , xN

Useful equivalence of convergence hd(x)=

xn-x)dlxnx) + O as n-> 0

Convergence in IRN
N

In I ,
NEW and metrics da da , do convergence is equivalent to simultaneous

componentwise convergence

Notation ( = (x, . . . ., N) where HERN

Let Sening ,
be a sequence in IRN

In = (x, sh...., xM)
I

Theorem : Component-wise convergence in(IRM, do

In (1,
db)

, convergence is equivalent to simultaneous component-wise convergence.

In+ 1)asn+ 0 >(2) + xiasn+ 0

Vie(1
, ...,
N)

Proof :

(E) : Suppose In+ 2) as n+x

Then VSxO
,
EN = N(r) such that Un >N

,

do(2n,)























= 1 + 1 + .... + 1
NH N+2 2N

I ↓ t I +.... + I

N + N N +N N +N

=
=> lacn-anlI

so take 20 =

1 ,
VN = N(3)

,
Am = 2n

,
nIN such that

a2N - an = 3 = 1

=>In is not Cauchy
=> JN is not convergent *

Subsequence

Given (X , d) and a sequence in(nin in X .

Definition Subsequences
A subsequence of (xn) is a sequence of elementssny , Sinc > Sng ...., Siny-
where niEN and n,nz ... ...

(ani)i

· nk= 0 as k=0

(X
, d)

*i :- n
Lemma

For any increasing sequence (nkkI .

n]k

Proof : using induction
For K= 1

,
n

,
11 which is trivially true





contrapositive test for divergence using subsequence
(xn

* EXIn=1

if An< ... ... & M ... nic-

such that -x as i+ * &
x-y as i a

with sy = (on) is divergent.

classic example : sn = (1)" in IR

For even terms n =2k
, n = 2

, nz
= 4 , My = 6, ... . ms (1 ,

1
,

. .

.,
1) => x277

For odd terms n=2kH
, n = 1

,
n2= 3

, n's = 5 , ...
m> (7 ,

-1
, ...

-1)= (2+ 1

+ - 1

m = 1
, m

Theorem

Let (X ,
d) be a metric space , (onIn a Cauchy sequence and Con a convergent

subsequence.

Then (anin, is convergent and

limsin=im ,

Proof : We need to show that for any 20,
AN = N(3) s . 7 d(xn

,
x]< 3 Un > N

Let 30 be given.

By definition of Cauchy ,
AN=N

,
(3) > O such that donmIE Xm

,
n > N

,

By definition of convergence , AN= N2(s) >O such that disce VKN
Choose N = max &N

,
N23

.

Thus both conditions hold at the same time
.

By triangle inequality
d(xn

,
x) = d(x

,xn ,) + d(xn
,,
xn)

+ (n,=k)

= E
*

Upshot:themain Obstacle for a Cauchy sequence convergence seems to be non-existene of























It is obvious that seR
-

just need to show that [xm] -> 2) as me
-

dp(amin) =( i)ilP)lPiiPP
i = 1

Lethex
,

we get (by completeness, cm-cil
- (i)

~

"<P => dplmis) E2x
M

-

-

i = 1 => In -2) as n+0

Hence Cauchy sequence [xm3 converges in IR

=> (IR"
, dp) is complete.

space of bounded functions are complete
Proposition space of bounded functions is complete
The space of bounded functions real valued functions BCS) is complete under

uniform metric do

do (f , g) = suph +(x) - g(x) : xtS]

i
.
e. (B(s)

, do) is complete
Proof : Consider any Cauchy sequence

(fn)n

By definition of Cauchy,
VSO

,
N = N(2) s .

t Vm
, n> N,

dolfn ,
fm)

=> Suplf(x)-tmklm(x-fuk)
so the sequence of real numbers (fnbc))n is Cauchy
Since IR is complete,

+nk) -> +xas n+ 0

candidate limit
+: S= R ; +(x) = Ex










