sequences in vletric apaces

Definition, Sequences

A sequence Sn, & metwic space (%,d) s an element of X"'.‘_\

A\%evnahveld it ocan be said a sequence s a function, \
ENoX Heve
362(3‘4,1,_,..., 1:\, ) € %”
$(n) =, ane X )
A; €
Notation; Sequences Teprasented b\? z .
( 1) Ovder s ?npw&an‘c
Nz, (l")néN ’ {%}“2' ’ {L&"““ 2) Not a set
Tt can also be wriben, as 3) No-H\iI\J to otop X, =
(‘x'\)::l ) {at\},:_‘ " #\).

Convevencc of Jequcnces

The main, lssne with Sequence 15 conveUence,.

\Deﬁrﬁ{im Conve'vcncc
Let (Otn).:, be a sequence m (X,4).
Then, () Converges toaeX & oy any £20 theve exisks N=N(€) such that
dlta,x) <€ for all n>N

T4 this case, we write

TF no swch o exists

Xn X 6§ 15
then, (o) s d?vu?erri




The definition can be vecast in +erms of open, balls
=X a8 nve0 &> Y e>0 IN=N(E) such Hhat a,€B(x,e) YroN

(x,d) open, ball contains all
bat {-Tn?fel\-) manU Ay,
'\':‘;"'/N
L)
Usetal eo,uT\mlence of convevoence |'L)m¢0d(1n,i)=o

o & deax) 0 as n—> e

(,onvefJ ence in, R

N [ 4 ') (]
In R, NN and metaics dy, d,, d,g Conveygence s ea‘uwaleni to  Simulbaneoas
componzn{-uise convevoence

NO‘.’ﬁHOﬂZ XL =(~'x-|,....)(X,N) where léRN
Let fln}nz‘ be a sequence in R"

(.0 @ (
2= (0,02, ., oAl

Componenf—w’i\se Convevgence in, (”N doo)
In (R" de), Comvergence is equivden% to  simultaneons compor\er\%—mso (onveaence.
W= A a5 N & ocff')—#xb AS n->o0
Viefs,.., N}
Proof:
Suppose Yn—IX a5 N>
Then, VYe>0, IN=N(¢) such that Ya>N,
d (%, ) < &



4, 0)<e = max{ I -xgl: 1Ny <€
= |JLM—1;\ e fov anj ié{h---,ﬂ fov MU n>N
4 it holds 4or the mayimum , it holds o ann one n paYHw\M.

This means that  heal \Sec‘uenc& (mﬁ')) wnvevjcs fo a

3(.5:) % & N>

For each iell,...,N}, the sequence («M) conve'rdenf fo x
Want fo show that % =X a5 n—e0

Then oy any te{1, N, ANDO such Hhat

()

| - |< & Y noN;

(memj the demw\,

0 @ (s) )
x—l (x]_ y L1 1_9 )

(1)
a5 5

(D (z) (s) Q)
3’(3(3 ’ .3, 3(3 9y .- 3(—3

Let N"‘MM(N,L,...,N,,\
IOCM-MR& Yn>N and cach ie5\1, ,N}

At eack such 19N, ab least one of +he terms [a™- il i maximal bit s
means +hat

d(tn2) <& v ech N u



Component -wise. Convergence i (R dy) , pzI

(IV\ AP) Convergence 15 ea\mm\enf }o Simutbaneous comyonev\’c wise conve(’ence,

L% 45 N0 & atﬁ)—ﬂt a5 N>

v wefq,.., NY
Proof:

Suppose  ALy—X a5 N>

Then, fov any £>0 IN=N(®) such +hat YnoN,
Yp
dplay) < £ ﬁ(ZIx“’ -I") e
il

p
= |x(1) 11.' < (i'x(ﬂ |P> <&
1=

= a{0-x] < ¢ V>N
Suppose +hat 1(1?—9 A as n—ow dor each i€l N]
Then 4ov each 1 and Ony £>0, IN;=N;(2) Suck that  Ya>N
Ix‘;)-x,v|< 4 —-;\ 1V_z. [« & a

= E I:x"')-xc|<a
/p
P
(E Iml‘)-xal><£

"_':> dp(&,;&} <¢



Function, Sequences
Constder XER. Tf 4 werg M=12,.., % a‘ssnﬁned a el valued function £y

('F.J'p s a funchim se1uence in A

Dedinition Pointuise convujence, of funclions
Let HO be a ge queqce of furclims ‘f.\ XY, The fuckon £ s the poin"m'\% it of
Sequene = o ong Xo€X, k(i) =506)  (hake o oad fix )

|I\ ukcclﬁ. Cagce we Sao H\a'l ‘}n Coqvuoes b -_} ?om{-mSe
'ft\"__,‘s'

The €8 definition  for poiv&uiso COnEY9en e
‘l\ivguooh(ﬂ - ) & given, £>0 and 2eX IN=NEOEN st Ya>N,
[4(x)- £, () [< e

(heve, +ake an xeX and fix if, check % wﬁ(x) = {®)

UnHovm, Convergence

ﬁ\“jmﬁm +;ocrwer3e‘s MHWM\:], we (an, find @ s?nﬁg ¢ that works for afl xex
=N(¢)

"~ no dcyer\dom 0A X

£-§ o\C-hniHm of W\T\(om cow(,’{oenco
£y 21 \m'«'{omin & given, ¢50,3 N=N()eN st Yn>N
() -fa@) < £ YaxeX




To show that dilferent mebvis on the Same seb can have diffevent Convevenf
\Sea,uences

Consider function sequence (ﬁ):‘ whete £ €C[0,1] and

filo] = Ry bttt M\ spac[e of continuows Lunckfon,
on 10,]
Ask  about Convetgence wWith Tespect o n

\/o
i) dg_/m) 41(4'6) :(Jol(f(t)-dl{:))lalo
W) dy mebic 4 (80 = sup{ 10 gl)] - te o]

J

— — e}

1) Claim; >0 a5 n—e0
Evalwate  d,(£4,0): | Y,
d,(n,0) = < J falt) - o)?'d%>
0

| /z
( f")zd+>

——‘—'l:MH 1
[MH = ‘2_4';‘ —>0 B n-ox

-F,\-—I*O as n->0 ('\ol:e OéC([Oll-D



%) Does >0 a5 noeo $f we are in (C[OH], dx)
Evalnate da(£,,0)
d,(,0)= sup{ Hul®)-01 = te[oy]}
= sup{l+a® - Lelo 1}
Suq)f £ té[O\lU
| 5 0 a5 now

Suppose (%,4) and (X,d) e equivalent 3 A>0 such +hat
(01-\)’:\ comveges fo O i, (¥,d) '/%'J(l.‘j)ﬁd(l;‘j)é%a(f;‘))

¢

(“n\),:\ convetges o o in (x,d)
Proof:
Suppose that X, > X a5 N0 fn (¥,d)
Let €50 be given and set £=¢l)
Then, AN>0 such that dlx,xn) <Z:_£X ¥ >N
L) <l B g
and +hevefote
A, 0¢ Mlnx) <AE = X
> e, n) <e
Suppose In->x Wity tespeck 4o d.
Let €50 be given and set E=€ln
Then, IN>0 such +hat Z(xn,xk_% ¥noN
That s Ad(xnx) <& Y¥noN
But  d(otn,x) £ A a'(xn,x) < ¥n2N u

=€



un'u’queness of Limits
Anque ness of Limits
Let (%,d) be & metnic space
Suppose 2% as n3e0 and Tn-y a5 0. They,
x=y
That is limt of Convewﬂen‘c Sequences ave  unique
Pyoof (Mn‘fa]ucness proofs: use conhadic’cioq)'-
Lets assame Xy,
Thas doo9)=€>0 and set £=6/2
As ay—x a5 n>00 IN=NE) >0 such that
dln ) <8=¢2 Y a>N
STMﬂa(Iy Since An-y 45 A9, IN=A(S) >0 such +hat
dba,y)<é=£/2 ¥n>N
Seb M= maxiN,N}. Then both conditions hold, ie.
dotnx)4 € AND  dang)<e Yo

BU himdle 7ne1uam,—d,
d(y) € dlhan) + dbxay)
L 84§

= &4
2

But d(x,j)=£ = onbvadiction,
Thevefore 3(.—.-{1

£=¢& Y noM
2



Examyh o{ poin{uisc Convevgance of wnc“ons

Consider Sequence of funchions
+,\({')={—n defined on telon]

Q) Does it Lonmde

I
; Q) What happens H Yo &Yy X,
|
I

wheve
0  t#|
1= {
1 {:=|
Proof
DCASE 10 Tf =0, 440)=0"=0, Hal0)-0l=lo-0l=0<¢ Vv~
2 e 2 T4 =1, f=P=1, KO-z h-ll=0<e v~

3) CASES T4 0<t<l, we claim +hat £H®)=+'"— 0 a5 now
[4alt)-0] = 1+™0l = lt"| <¢ = t"<¢
—> @<l T e
1 = noh)

/1 j In()

Thevefore choose N> _Ilg%% Axchimedean, pvoyu{J
n

[n(t) Ta,ﬁ\

-k

Then, Hov any 7N,
l44(8)-0l = [#"-0l = ¢

Since nyN In(g) n>lIn(s
i In(t) = Int

=> nl{t) <Inle) = W< Inle)
= %« (C)(ponenk'mjcir\j both 61{1&8)




Note: Ouy abstvact notion of Conveqence of & Sequence contains +he classical notion
(R,d,) .di(x,‘j):lx—yl
Also containg
(IV\ d;) and (€ Jz)
Note: deries (R,d)

Recall we ave offen concemed with gums that have infinite derms;
0
6w=Z Xy
wheve Sy is the limit (4 I{' ex:sis) of +he Sequence
Sy = me (partial sums)

d(z,4) = 2-Z|

We want = lim Sy
N-00

This can be tnoved o an abstvact mebvic opace if (X, d) has a nokion of addion,

CauckJ Jequence,s
Camchd sequences deal with closeness of devms

Definition, Cauckd Sequences
Juppose (X, d) Is a metvic §pace and (a(n) nop & Seqnence i X.
CARRT Cauch\j & Y650, I N=N€)>0 such +hat
dlm x)<e Y mnoN

//w“."/aw }\
N
L)

RemavK: Nowher, in +he definition of Caucl\J do we assume that o0y OX.

No such & may exist. Cauckj Sequence need not be convefjenl:



Cauchj sequence, +hat s not (,omle,UenI:
Take any Sequence of votional nombers /g, for which (Pﬂla,,\)—éz as n->00
Q={"n:mecZ neN}

Palog s Caucﬁ\} sequence but no x eatists in Q such Hhat  fim P =%

g, (7 {Q
(onmjenf = (m,«ckj
Convujen{' = Caucho
Let (X,d) be a mebvic gpace and (nhoy be sequence 4o . Then,

(n)oy 8
Pvoof: Let €>0 be given. Set Sz_g
Then, AN=N(8)>0 such +hat d(xn,1)<<§=_§: Yn7N
But now d(ir\,ot,,\) where n>N satisfies
A-Tneqmam\,? Aloa, ) & dlota,2) 4 d(»x,lw\)
L8468 =¢

§o (J.n),:‘ ¢ Cauch\’ N

Another ea‘u'wa(u\\: defn, for Cauc‘\a
(1»),:3‘ (s Caucho & dlmr) >0 05 mp—00

EX(AMP\C of a Cauckn {mc{?oq Sequence
Constder space C([0)]), the sequence £, 4, %, .. ghien, by
()= _nx__

n+x
with  uniform  mebic

dolF, 9) = Sup {HE - 90
Thevefove m\wh’d’nd 4, (fu 5)
A (k) = sup{ () - @] xe 0,113
= ‘S“P{ ‘ ML - _nX :xc[bﬂ]}

M  N+X




= wy{ (mnda®  xe [0,11}

() (n85) extieme

Valut +hm,
Jir\ccfm—_%li ts continnous on [0, it hos o maximum, of some € [o)\]
(=) (nt)

Thevedore,

dolfmt)e MmNyl 2 3 ¢

2
[
(mb) (M) N+ n,

-0

= 4 fmH)20 a5 320

=> (), T Canchy

Thevefote in geneval,

' Camclu -‘—75 Convef\gencc

‘ Convzgenu = Cauckg (x)

We can wse contrapositive of (¥) 4 je{' a test fov fon - (onVeT9eNce (Mvevenu Fest)

\'D'ivefjenco Test
not Cauck\\’ = ot Convef\aenjc

Jhouir\\? havmonic gevies 15 d?verjml
Work in, (R,d), d(9) = lo-y]
Havmonic sehies: Z_ 1 -
n=1 n

We need 4o show :
Sn=p2_ 1
n=t N
s not Cau\d\J, ie. it satishies +he ncgahm of definition, of Cauchy
3 650 st YN=N(€)>0, Imn>N Alomxa) 2t

Take m=2n

a’a=L+|_+"'+,|_+|+/+-"'"'"'~
R T T N ﬂ/ }/]JZRZ‘ 1



Ek

=N(i), 3m=ln, n 2N such +hat
la,-anl26 =1
INT YN

= 6y 15 not Cauckj
= O s net Conve'r&ew‘r

Jubde1aen£€,

Given, (X,d) and « Sequence Tn, (x.\),:‘ in X.

Definition, ‘Subw}ucnces

4]
(u'\l)Kz‘

A subsequence of () §s a \seguence of elements Xy, g,y Lng, -

(X,d)
Ng—>00 a5 K-e0

Foy any inma.sin\z} dequence (n")KZ\’
N2 K

Proof: sing tnduction,
Fotr K=l, n,2| which i J-rivia"\t] trug




Assuming +rue for K,
N2 K induckive hjpvlhesis
\Shou':’n\j PK) = Pk41)
Since (ngy, T an increasing. sequence,
Ny ” Ny
Furthey bj inductive hjpoirke.s'ls,
2K = n 4l 2K+
= 0y, 2 nH 2K

= Ny, 2 Kt -

Almost immediately, xn 2 a5 n— 00 = any subsequence A, (nverges do
Convergence == every subsequence (onvexges Fo. Same limit
Suppose. (X,d) 15 a mebvic space and (s, 75 o sequence in X.
Tf % a5 nooo and (@ng)yp 15 @ \Sv«bsea|uencc, they,
:X,,K—9x & K00
Proof:
Ay A4S N30 = given any 0, AN=N(e) st Yn>N
d(n1) e
Since (ny) 1 a ‘Shicﬂn ’mcveasinj sequency of notwal nambevs, ny2k.
Tt Hollows that KON = nyoN
= dlay, 1) <¢

= 2, A 4 kW u

We can wse +the COnHaPosI‘ci’ve, of +he above theovem, for ancthey d'wuaencc dest



Conbyapositive fest for divergence wsing. Subsequence
00 N
X €
( 07\= . X
it 3 Mg ALKy Lo % !L;<v\;_<---<nL<---

Such that x, —> o as 100 & XY 08 i

with X4y 2 (x.ﬂ)'\?‘ 1 A?wuu&,

n
\xr\:(ﬂ) in R
Rov even terms n=2K, n=2, nyzh, ny=6, - ~~> (L. 1) = X, 1

For odd derms n=2k4l, “\':|; n;_:&, n;=5,--- A (—1,-1’...’.1):; xm‘—%-i

tgm‘xz’(— L llzgwxlk”— 4

Let (X,d) be o mebric space, (oc,\),: a Caucko sequence  and (ac,.k):g, a Cor\ver\(,en’c
Jubsevenc&.

They, (%n),:f‘ I Gonvmjenjc and

lim oLy = lim X =
20 " Ky MK

Proof: We need o show +hat fov any &0, IN=N(e) st dltna)<e YN
Let £50 be given.
Bo definition of Cauchj, IN=NE)>0 such that d(xna<e  Ympnoh,
B\x’ definition, of (onvexgence, IN,=N,(6) 20 such +hot a\(xnk,xk_% V KON,
Choose N=max{N, No§. Thus both condikions hold ot the same ime.
BU +ﬁan3le, 'meqwo‘k{'\?

dlotn,®) ¢ dl,o0 )+ dlaty,, )

L ELE (ne2k)
zZ Z
=¢

|
Upshot: the main obstacle for a CmckU sequence. converaence Seems 4o be non-existence of
the chowld be limt



Example of a function fequence Hhat is CauckJ but qof Conchen{
Constder mebvic Space ( C([O,l]), dy) wheve

1
dz(ﬂ‘;j)=J|4(m)—g(@| dx £,9¢ Clo,1]
0
(onsider funcion sequence {4.3’\22 be o gequence defined bo

0<4X < -,

0
)= S\ 41 -t < ¢ '
el
0

deavl\‘] foecfo ], This is Caucko because
U, o

1
WAL j @4 & < [ @b+ [ 46 o

0 1y =m, -1,

= L(l+_'_)—+0 as mn- o0
2\"MN n

= Ayt 20 05 mnaw

= Caudv
Now Suppose f121f, ie. d(ﬁ,w‘)-—)O as N (0
Yyt Ih |
A0 ) = ‘( lo-£()] dx + J [n-£6)| dx 4 f|\-£(x\|dx
o @ 2-n L (2)
tf d(fa,$) 90, hen,
th-'fn Ui
() [l — f KO dk =0 = =0
0 0

| |
() j -] . —> j 4@l =0 = -@)=0 = §6)=1

I[Z_ |IL

which is a conbvadickion,



Complete Metric Jpaces

Definition Complete Mebvic Spaces
Let (X,d) be a mebafs space
The, X 5 complele & ony Cmucky Sequence point Comerges +o a pint in X.

T X is Knowq, 4o be complete and Ypu have o sequence you Koo s CauckJ then,
JxeX such that g, a 05 N>
R is
Q s not complete

Put Q intp R ~> Complehnj Q
Complete s Good
Problem: not all metvic spaces ave Complete
Outcome: Complete +hem and do o \sjshmo\’cimﬂo
Completion of mebvic spaces
Completion, of mekvic space
Lek (X,d) be a metvic space
Then +here is a mebric space (x¥ 4) and and an Tsome{*rd Y: X = X* such that
D) XY 5 complete
i) 4(X) = X
We call X a and all completions of X ave isomebvic 4o X¥
Pyoof:
1) (ASE 1 X i Complete = X =x¥
D (AE2 X 15 not complejre,
Let (X,d) be a melvic space




Let Q(X) be +he seb of all Cauc)\J Sequences
GX) 46 as -0 e6X)

Nows define Cauchy sequences (2a) and (yn) and a velablon_on G)
V (xn), (306 G(X) , (xu)w(yn) & im d(dn, yn)=0

N300

Claim: ‘N’ T an e1u7Va|ence velotion
1) ReHeXTVH\‘}i () ~ltn) gince dlon, %) =0 = im a2 =0
1) Symmebry: T () v(ya) +hen lm, pg(atn,jn)=0 = k_}mood(gn,ﬁ=0

553 (\‘)A)N(d.v\)
3) Tronsitivity: i (@a)v(yn) and (9n)v(2o) +hen, lim, dGnya) =0 and lim dyn2)=0
J N0 n-o0
Bv +he -hrianjlc Tneltuah‘cj.
0<d(0£n,7:n>é d(xn, 51\)4‘ d(ﬂn, 20) 20 a5 N>
= lim d(xn,\‘jv\):o
Nn-500

= ()~ (24) B
Thus '~' is an e%‘waleme velobion, and E(X) (an be Split ko equ'nmhncc Clagses.
L] = {(@an) € GO ()~ (an) §
The Hollouing facts ave wsed:
¥ (a) €l(an)] and (3»\)6[.(&0] = (aLn)N(yu)
i () €[an)] and (ya) €L(ow)] = (o) b (y0)
Let X be the seb of all equivalence classes.
Obseve +hat if l'i\rgo%rﬁx and (xn)'v(jv\), +hen, b\‘} Jrvianjle 3ne1ma[’|{'\7
0< d(ya, 0 ¢ dlyndd + dan,)
-0 -0
bjrv
= lim dyn@) =0 sandwich 4hm,

n->e0

= lin g =x



Further obsewe that tf (ad 9 (ya) +Hhen lim 3tn # fim. Yn.
NS¢0 no
Ao T Tt o the

0< d(xa,Yya) € d(xa,x) + d(ayYa) = lim, dta,ya) =0
N300

= (xa) ~ (ya) 3 contradiction
Define fuaction +
£X2K ;4= [0 where any @)el@]—x a5 nve0
Claim: £ is one 4o one
) =4y = [@)] =[]
= @~ (y)  (arb & [al=]b])
= X=y (shown above)
Define a medvic on a on, X wheve

Vieal, (], (], [(9n)= lim dlng) (o) € [(x)]

|

>

Claiv;: d is a mebvic (4n) € [(4n)]
) dxn,w 0 = lm dlota,y0) 20 = 420
m2) [(xd] = [(y)] = )~ () = ()], D) = lin dlen, ya)=0
3([(1»)],[ (1) =0 = lm dla,y) =0 => (a) ~(y0)

M3) d(xa ya) = dyn, o) = kg\, g(xn,yn) = !\igbmo\(gn,in)

= 0@, []) = Ay, [E)])
Ml() 2([(3‘»\)], [(*n)]) ¥ h"\. d(\')(q, 2:\)
< lim, d(it\ 3,\‘).} lIM. (5,\‘2,\) (le\jlt meblua‘ |‘|';’kag\d

N->20 a\()cbm of lim

- 4] [AD) + 061, [E])

<



Claing A is well defined

Juppose (Xn), () € [@)] and  (9a), (32) €[(40)]  such +hat

@)~ ()  and ("A)"’ (jr\')
= lim 8Ct,%0) =0 and  lim d(ya, ya) =0

Now bn double Jrvianjle fr\eq’ualf(:j

d(ata,ya) < o\(x,'\,g(n) + dbaya) + dlyaya)
- =0
= [im d(o(y\',%)é lim d(d.n,’n)

n00 P

S. , l , l '
milasly data, ya) < d(xu,g(n) + Al y) + d(yaya)
- =30

= lim d(xn,ya) € lim dlia9p)
n-00 n-2«

From, inecimalﬂ:ies and
lim, d(atn,yr\) = lim, d(xn’;yr\')

n->a0 n- a0
hence well- defined
Claim: 4 is an isome‘cvv
Let (X,d) and (X,d) be metic spaces.
FXoX, 460 =[] uvhew any (a)e[@)] -2 a5 n>00
4 (460, £(9) = A [, [(y)])
= im d(%y)

N
= o\(l,‘j)
Claim: The limit dc{ininj i exists
Let (xa) and (ya) be Cauck\«’ Sequences in, X. By the -I—vianjlc inectualijry,
| d(xa,90) -dCom Yo | = | dlta,yn) = dCtn,ym) + d(tn, yo) - dCotm, Y) |
< |d(3ﬂn.‘jn)‘d(dn,7n)| + |d(xn,3ﬂ)-d(im,9m)| A-'meq/
Yeawanjemnf of A—inefiwam\»} < d(ynyw) + d (0 2xm)

|



Since (xa) is Cauchy , let d(xa,%n) < €/2

Since (9n) is Cauchy, let Ay ym) < €2

Thevefove |d(xn,3n)-d(mn,*jm)|<£ = (a\(otn,kjn))“m is Cauchj

(o\(xn,ﬂn))ne N 15 & Sequence of veal numbers and Cauck‘]:? lim, dCate,90) exisks

N0
Completeness in R

~ Al Cauchy Sequences Convevee
Claim; FOX) = X (densiij) 1 1 9

Suppose (a) s @ Cauchy  sequence and (ata) € LCan)]. By defn of Cauchy,
V>0, IN=N(E) such that ¥ ma>N, dltnXq)< =1
Let mzny, then d(ln,,\,o(,,\kLK

Further, let [(aQ] be an equvalence class conka\nind all Cauwka Sequence 60nve1\r7'm0
Lay»

[(dnk)] = 4(.1",() (“'\‘] (an) € [(xnk)] — Jtnk)

ﬂ\ A
A, Ha) = A, D) = gt €

0
K
= [(lv\)] = im, ‘F(l,\k)

K-2a0

Therefote fov any &=k >0 and any [am]eX, T o=+0ta) =[(yne] such +hat
(L], $6a )<
i.€. every [l € X 15 +he limt of a sequence in $(x)
= X= 1)
Now we show +hat X is complefe.

Jkou’mg hat ang CM\ckJ .seri,uencc in X Converjes hoa po'm{' in X
Condider a Cau\chv Sequence in X

([28),, = (G, LD, [, )
wheve [(%(\n)] be +he K™ Caucl\v Jequence i %
Leb P=[@®] fov KeN

By density, fov a fixed K, each py is o limit of some [(3)]e€ &), i



A(FK, 4) € _;(
wheve 4= =[(4°)]
The Sequence (4%) can be Shown 4o be Caud\j as ollows
2(%4,4,1) ¢ 109, Pe) + 2<PK»¢I)
< gy, p) + alp ) + dlpg,a0)
< L+l +d(p,, pp)

(p) s Caudud 60 we can choose K, as lafde as we like makind RHS a5 Small as
we like

Gince 4€4(X), 3 yeeX  such +hat
Uk)" 4= [y&‘] for a fixed K.
The seg’uenca (9) mast be Caucb as ([(yn D cen Cauck\‘] in X and 4 0s

isomeb(
a4t (30,-?(31»'-' o\(“yx,u) = o\(yy\,\‘,l) = Co\uckJ
Thevedore (ye) be\onjs o some eftuiva‘mce, dass  Llg)] €X
G A6, )= 0
Take ano ¢>0 and observe +hat
ALGE, L)) < AL, LGVD) + 6N [l ol nequalit

< 4(p,9) + a6 [ea))
<L+ al6) [l

([(3 )] [(“n)]) + 3(1‘(‘5&),[(%)]) = ﬁ»_vabood( 5&,30 4P 3
(OYIEN)

oy JuH-idenﬂt] Ia\r’e K since (90 % Caud\j in X.
Thevefove, lm_ (mm] [(Kn)]):() and Jince l/,(‘90 6§ K00, we je{'

mwi( [()], [xa]) =0

ond therefore X s complefe



U_'%MM_&&? Suppose +hat
(X,d") and  (X**,d"™)
ate +wo completions. Need 4o show fhat these ave e1ui\m|en£ e, isomebyic,
Cons.du ony athitvary YeX®. Since X* is & complebion, thete s a (auchy sequence
(%a) in XVsuch -lhnp
XL a8 noe
\Similavly, assume (:1,\) belonjc bo X** Gine X** s Complete,

A&

xL,— XL & n-o>9
"

whete ¥ et

Define funclion GxE = 7(“} () =

Claim: @ is one 4o one

Since X* is complere, 3 Camchj Sequences in, X (x,0) and (23 such Hhat
Ly> o and 2, > o a0

Suppose 40f) = 4(2F) => a1 = o }¥

Thevebove theve 6 @ Caucky sequencg in X (1:‘) and (2% st
ek = o and oo ar

Sinc o= o} ﬁv_v;mo\(xﬁ\*,aq:):O

Since KX 1 Complefe, 1(,‘\‘*—91?( and 12‘,‘\*-91’{' o5 no00 in XF

Thevefove vince

i, 4", 2,3") =0 = dat, a)=0 = a2

From above, @ does not depend on choice of Seqpence of (""\)nz\
Claim: Fov xeX, @lx)=x
T4 aeX, +then +he Constont Sequence
(1., %)

1S a \secher\ce in X which Convevged Yo or . So ) is +he limit in 2 of (x,--%)
which s’ x

= 4(x) =x



Further, Y afd¢X,
I o) = (e, () = 4, )
hence isomebic

Examples of complete metbic spaces

The mebvic space (R, do)  with
dw(li,g) = Ju{:% ot yil: 1¢4¢ N
is & Complete metvic space
Proof: Take a Cauchj Sequence in R
(0,

Recall +he notation x,= (\'Lr(\n, x.fﬂ, ac(,'.n)

By detn of Cau\d\d given, €50, AN=N(E) >0 such that ¥ m,n>N,
d (Lo 2w <€ = maxilay 8 2] 1iend <¢
= |3Lm-.xn’)|<£ for each i

0 :
Thevefore Sequence ot 1eal numbers (ot.\( ))M 15 Cauckj fov each 1.

Sine R is compleke, (a7) (onvexaes - da;¢R such +hat
(i)

llM, \'X.n = .b
n->0
M ® ) )
_x.l (3‘1 ’ xl , \x(;_’---:xl )
~ (D (z) ) )
_x_z—(x ’ 2_! (2_31---:12.)
&= ( (ﬂ (s) (N))

x» ’ 31 x.!

IR

-"1':(‘1'1_1 ‘1’7.’ "x'\&""’ xM)

Constvact candidate limit gt_=(x,,...,x,\)



Recall in, (ﬂ’\N,dw), the sequence (1:0:‘ condevjes o xely , 10

§

( m),“ convevoes X, (+m b\~7 complel'eness)
Cauckv Sequence (01,\),\,\ (IR) conVevges in, R"
= (R", dgy is complete

The metvic $pace (X,JF) With, X=R"

n i
AP(1;9)= (ZIx;-*gd) P ] PZ‘
izl
5 a com‘?lc-‘t mebvio space

Pro o{: =

Let zlﬂm L be any MMEWU Caucko seatuence n, (IR“,d,;) wheve

‘x'«-( () ,(vt):' ,:Xf:,))

Since {l»\}m\ 13 Cauckj, gven, £20, IN=N, eN st

P
o\‘,(gc,n,as.b <Z|acm—x"’|> <& forall mroN,

= |a®-19< YamoN,
Therefwve Jfke sequu\ce

(;)}
is Cauct\o and bU Co»\?le‘mne&s of R, # comlefjes

(c)

i =3
oo =%

Thevefore  constyuct candidate fimik
X= (xi, Xy, oy ) candidate  limib



Tt s obvions +hat oceR
Just need 4o show fhat {,:JL,}}—BQ a§ M->00

dpltm 21, = <Z_xm- i )VP g -—%fo,?- GP ¢ &F
=

Let n-00 we je{: (bU comP\elrmss, at,f:)—% ;)

ij‘“\- f<ef =5 dyla <t
= AnX a3 oD
Hence Cauckj Sequence { L (onve1gey in R
= (R, dp) is complete.
Space of bounded funckions ave comP(c—k
Space of bounded funckions is complete

The space of bounded funcions veal Valued funckions B(5) s Cow\?[ejfe undey
wnifovm  mebvic doo

4o (59 = sup (- 900 xSy
e. (B0, do) % COMPlelte,
Proof: Congtdex any Cauchd Sequence
AN
By definition, of Canchy, V50, I N- N(e) st Y ma2N,
dw(\cn,-fnki
G“SP”»L(DQ‘M(*H <4 = |m(x)-Fo @) ¢

So 4he sequence of eal numbers (ﬂ(a‘)) . Cav\ckj
Since R % complede,
-@(\(1)"9'('1 S N0

Candidate Gk
HOARE I R, ) =4,



6kow7nj Hhat
) f>t 4§ n> w0
D £ % bounded = $€B05)
2) % bounded.
8) Since 40 % Cauchj = Comlu\e)en{?
[0 - £ <5
) Since 4o % bounded,
4l <M for some meR
[£06)] = [H(t) ~ £, &) +644) ]|
S [(t) -$alEN4 1 4 (B)]
< §4K
= K¢ e+e
D £ % bunded = $e8(5)
l)éhowinj that $4 unﬁofm‘o
We ko £0@) & Canchy = ENCA RNV R
Consider
L£a(8) =4 )] = [4ak) = $(t) + Fm(£) -£E)]
L6 —£4(8) [ 4 [ ® =40

Since  fn®) > f, =+, pointuise = () -$0) > 0 as mow

=) H®-£®1¢e  YnoN and  all e
S WEWIRY,

= 41\,'%4 =



Consider  (X,do)  whete

R

For any  Sequence CAMIRITENCN onveryes, Hhen it is - eventuall

Proot: \Suno&e +hat
hW\. 064 =X
EYY)

[53 definikion of convergence
V0, AN=N(E) st Y noN,

do(n, 1) < £
Seb e=h = 3 N, N("2)  such +hat
do(\'ln,i)< 1 V nz No = do(d—n,l) =0 bv de-hmhorl 0‘(’
2 discrete metyic

= xn =X VHZNO
= even{'malb cons-tant

Discrete metvic is complete

Metvic Space (X, dy) with

{3

is complete

Proof: Conside any Cauch\t’ sequence

(‘xﬂ)no:l

By definibion of Cauck,,
Verd, AN=N(e) st YV mnoN
do(mm,xn) &3
St e='h = 3N°=l\|('/z) such +hat
Ao, L) & _5'__ VnzN, = do(x,um,\) =0 bjdidehnihoﬂ of

scyede mekyic



Hence fequence even’cv«a\\n constant = Camchj Sequence (ot,.):i. Convexgey
= (X,dy) s complete

Basfc steps 4o show space T Complete
) To show & mebric space (X,d) T complete
o0
- Start with an avbi’cmvj Cauchﬂ sequence (x.&m
- conshruct o candidate limit o using definibion of Cauchj undey 4 mebric
- Show {hat A3 >x a5 N, 1,\€X"J
- Show that xeX

2) To show a mekvic space 15 not Complete, find one Cauchj Sequence that does ot
(onverge o a point in, §pace

Jome properties of Complete spaces

Let (X,d) be & mebvic space
Let A be a non-emphy subset of X, ie. ASX, A+d g0 (Ajd) is a mebvic space
Then,
D it (Ad) i complete = A s closed in X
i) If X is complete and A is closed in, (X, d) then, (A)d) ©s complete.
Proof:
';’} By definition of Complete
At wmplbe S eiery Caucka Sequence, convesges o a Fm'n{' in A
Jutbices 4o show +hat ACA
Suppose +hat e A Then there % a convuomjr Sequence (1.&:, such +that
L 2X a5 N0
But convergent sequence = Cauchy - sequence  and Hherefore (%) % Canchy
Thereoe, by the defition of cmplhoss, eh We hae $hat

YEA D xeh



And +hevefove
ACA = A s closed.

(D) Let (M),: be a Cauko Sequence T, A
Sce (xq ,T:, s Caudn i A and ASX, (143::‘ 3 Cauclnd X
Thevefone bo complefeness 1, X,
Xp?x€EX a5 g—>00
buk o5 A T closed > A conkaing all s lwik pinks (proved in Ledure 9)
2 all Cauc(no sequences (%), (omierse to o pont 14 A
2 At omplere.
H



